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helices of the protein domains [30, 31] . In contrast, when proteins are thought to coat the membrane, there is no insertion 27 into lipid bilayer and proteins simply oligomerize along the membrane surface [32, 33] . In this case, it has been suggested 28 that the steric pressure generated due to protein crowding and scaffolding drive the membrane deformation [34] [35] [36] .
29
There are various methods to visualize membrane curvatures in situ or in reconstituted systems such as X-ray crystallography 30 [48,49], nuclear magnetic resonance spectroscopy (NMR) [50, 51] , fluorescence microscopy [52, 53] , and electron 31 microscopy (EM) [54, 55] . Use of these provide an opportunity for scientists to decipher vast amounts of information 32 about the molecular machinery underlying the membrane shape transformations at high resolution. However, taking high 33 resolution images is expensive and biological systems are very dynamic making it challenging to experimentally quantify the 34 role of a specific component, e.g., membrane-protein interaction, in biological phenomena [56] [57] [58] . The use of theoretical 35 and computational approaches have became popular as complementary techniques to explore the mechanochemical aspects 36 of membrane curvature generating mechanisms and enable us to identify some of the key underlying physics [59] [60] [61] [62] [63] [64] [65] .
37
In Fig. 1 , some results from theoretical simulations of membrane deformation in endocytosis [37, 38] There are two layers of amphipathic lipid molecules that self-assemble to form the bilayaer. In each layer, the hydrophilic head groups form the outer surface and the hydrophobic tails face toward each other in the interior region. The distribution and organization of lipids and different proteins can vary from cell to cell. The cell membrane is decorated with many different molecules including peripheral proteins, integral proteins, and carbohydrate molecules.
In this model, the membrane is considered as a thin elastic shell that can bend such that at all the times the lipids remain 
where W is total strain energy of the membrane due to bending, H is the membrane mean curvature, K is the membrane
119
Gaussian curvature, and κ and κ G are the membrane properties which are called the bending and Gaussian modulii 120 respectively. The integration in Eq. 1 is over the entire membrane surface area ω and dA is the area element. We describe 121 the geometrical concepts of membrane curvature in Box. A. 
Simulation techniques

123
From a mechanical perspective, cell membrane deformation can be characterized by balance laws for mass and momentum.
124
Simplifying these mass and momentum governing equations in continuum framework results in partial differential equations 
where C is the spontaneous curvature and its effective strength depends on the membrane composition, temperature, the 151 membrane thickness, the protein density, and the membrane area coverage by proteins [102, 122] .
152
Modeling the net effect of membrane-protein interaction as an induced spontaneous curvature (Eq. 2) has provided great Let us consider the membrane as a two dimensional surface in a three dimensional Euclidean space (Fig. A3) 
For a rotationally symmetric surface as shown in 
where r(s) is the radius from axis of revolution, z(s) is the elevation from a base plane, and (e r , e θ , k) forms the coordinate basis. Since r 2 (s) + z 2 (s) = 1, we can define the angle ψ such that ( Fig. A4 )
where a s and n are the unit tangent and normal vectors to the surface as shown in Fig. A4 . We now can define the two principal curvatures as
where (·) = d(·)/ds is the partial derivative with respect to the arc length. With having the two principal curvatures, the curvature deviator (D) in anisotropic condition is given by 
Bending energy
where κ r is called the nonlocal membrane bending modulus, and A is the total surface area of the neutral plane. ∆A 0 and
186
∆A are the relaxed (initial) and the bent area differences between the membrane leaflets respectively (∆A 0 = A 0,out − A 0,in 
Deviatoric curvature model
196
In the SC model, the induced spontaneous curvature was assumed to be isotropic, same in both directions (see Box. A). 
Energy due to protein aggregation
Energy penalty due to compositional heterogeneity dA,
where T is the environment temperature, a is the surface area occupied by one protein, φ is the relative density of the 219 proteins, and J is the aggregation potential. In Eq. 6, the first term is the conventional 
where p in and p out are the induced steric pressure by the crowding proteins on the inner side and the outer side of the 251 membrane respectively. This induced pressure (denoted by p here ) for a 2D hard-sphere gas protein can be expressed as
252
[180,183,184]
where k B is the Boltzmann constant and p R (φ) is the reduced gas pressure depending on the relative density of the protein 254 given as [184] 255
Eq. 9 is known as a 2D version of the Carnahan-Starling equation. Based on this equation, at low protein density, the 256 reduced pressure is simply proportional to φ, but as the gas density increases, the non-linear terms play larger roles and 257 should be considered. localization can efficiently minimize the exposed hydrophobic area [192, 193] . Also, for proteins that have helices that are 271 too long compared to the thickness of the membrane, helix tilt is one possible mechanism to reduce the protein effective 272 hydrophobic length [187, 194, 195] . Several theoretical approaches have been developed to incorporate the energy cost and 273 thermodynamic effects of membrane-protein interactions in term of hydrophobic mismatch [196] [197] [198] [199] .
274
Thus, in addition to the models described above, there are additional considerations to the energy that have been suggested 
Future perspective and challenges
278
Although the models discussed above have provided insight into some fundamental questions about the molecular machinery 279 of cell shape regulation, all of them have been developed based on simplifying assumptions that need to be revisited in the 280 pursuit of closing the gap between experiment and theory. In order to achieve this goal, multidisciplinary efforts between 281 physicists, mathematicians, engineers, and biologists are required to match different pieces of this cell biology puzzle.
282
Here, we highlight some current challenges that we believe must be considered in the next generation of continuum models.
283
• Membrane deformation is a dynamic process, surrounding fluid flow, thermal fluctuation, and diffusion of proteins 284 actively regulate the shape of the membrane at each instance [11, 169, [208] [209] [210] [211] [212] . Currently, the models for membranes 285 at mechanical equilibrium are quite well developed but the models for a dynamic process have not been as 286 well-developed and the community must invest some effort in this aspect.
287
• In vivo, multiple mechanisms coupling membrane deformation and cytoskeletal remodeling are commonplace 288 (Fig. 6A) . Therefore, the models should be extended to include the dynamic effect and rearrangement of the actin 289 cytoskeleton layer underneath of the membrane.
290
• Membrane deformation and protein absorption/rearrangement are often considered as two separate processes with 291 little to no impact on each other. However, recent studies show that proteins can sense the membrane curvature (Fig.   292 6B). Therefore, indeed, there is a feedback loop between the protein distribution and the membrane configuration.
293
While some models are discussed in [161,216-219], we still need more quantitative agreements between theory and 294 experiment.
295
• Cell shape can control signal transduction at the plasma membrane, and on the other hands, intracellular signaling 296 changes the membrane tension [220] (Fig. 6C) . This coupling between the cell shape and the signaling network 297 inside the cell should be further understood in terms of both quantitative experimental and theoretical biology.
298
• As discussed above, membrane deformation is a multiscale phenomena that results from the reorientation of lipids to 299 large scale change in membrane curvature. This suggests the extension of available models toward multiscale models 300 that could represent each biological process over multiple length scales [101, 221] .
301
Despite these challenges, with increasingly quantitative measurement techniques available experimentally, ease of access to 302 high throughput computing systems, and interdisciplinary training the next generation of scientist leaders, the future of 303 theoretical modeling of biological membranes and cellular membrane processes is brighter than ever.
304
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